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Annotatsiya. Magolada Shtols teoremasining isboti batafsil yoritilgan. Bir
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Shtols teoremasi haqiqgiy sonlar ketma-ketligi limitini topishga yordam
beradi. Teorema 1885-yilda avstriyalik matematik Otto Shtols tomonidan nashr
etilgan va uning nomi bilan atalgan. Tabiatan Shtols teoremasi Lopital goidasining
diskret analogidir.

Aytish  joizki, Shtols teoremasining isboti klassik adabiyotlarda
keltirilmagan. Ayrim masalalar to‘plamlarida misol sifatida taqdim qilingan.
Masalan,  B.P.Demidovichning  «Sbornik  zadach 1  uprajneniy  po
matematicheskomu analize» [1] nomli kitobining 25 betida 143-misol sifatida
berilgan. Shuning uchun magolada uning isboti batafsil keltirildi va teorema

yordamida bir gator murakkab ketma-ketliklarning limiti hisoblab ko‘rsatildi.
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Teorema (Shtols). a,, va b,, ikkita haqigiy sonlar ketma — ketligi bo'lsin va
b, musbat, chegaralanmagan va qat'iy ravishda (hech bo'Imaganda ma'lum bir

sondan boshlab) o'sib boradi. Agar

lim e o
n=0eo bn - bn—l

mavjud bo'lsa, u holda quyidagi limit ham mavjud

. aTl
lim —
n—-oo bn

bo’ladi va

. ap — an-1 . an
lim ———— = lim —.

Teoremaninig isboti [2] va [3] adabiyotlarda kitobida keltirilgan.
Isbot. Aytaylik, avval limit cheklangan L songa teng. Demak, ixtiyoriy
berilgan har ganday & > 0 uchun shunday n > 0 mavjud bo’ladiki, n > N lar

uchun

uchun quyidagi o'rinli bo'ladi
Shunday qilib, har ganday n > N lar uchun barcha nisbatlar

An+1 — Ay An+2 — AN+41 an — Ap-1

bysy1 — by byiz —byy1’ by — bpy
shu sonlar orasida yotadi.
Ushbu nisbatlarning maxrajlari musbat bo'lganligi sababli (b, ketma-
ketligining qat'iy o'sishi tufayli), mediana xossasiga ko'ra, xuddi shu limitlar

orasida ham nisbat mavjud:
an —an
bn - bN

uning surati yuqorida yozilgan kasrlar suratining yig'indisi, maxraji esa barcha

maxrajlarning yig'indisidir. Shunday gilib, n > N bo' Iganda:
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o'rinli bo’ladi.
Endi quyidagi ayniyatni ko'rib chigamiz (to'g'ridan-to'g'ri tekshiriladi):

&—L—aN_LbN-F(]_— bN>(an—aN_L),

b, by bn/ \by — by
bundan
an |=|aN—LbN| an—aN_L|
by by bn — by

ekanligi kelib chiqgadi.
n> N bo’lganda, birinchi qo’shiluvchi % dan kichik bo’ladi.n > M
bo’lganda, ikkinchi qo’shiluvchi ham 2 dan kichik bo’ladi. Bu yerda M —

yetarlicha katta son va  b,, = +o0 o’rinli. Agar M > N deb olsak, unda n > M

bo’lganda

a
- _ L| <¢g
by,
ega bo'lamiz. Teorema isbotlandi.
an —Aap—

lim ————— = +o0,
n-w by — bp_q

bo’Isin. Bundan kelib chigadiki, yetarlicha katta n bo'lganda:
an, — an_q > b, —b,_4 va lima, =+
n—>0o
a, ketma-ketlik gat'iy ravishda oshadi (ma'lum bir sondan boshlab). Bu holda,

teoremaning isbotlangan gismiga Z—” teskari munosabatiga go'llanilishi mumkin:

bu yerdan kelib chigadi:
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Agar limit —oo bo'lsa, u holda {—a,,} ketma-ketlik ko’rib chiqiladi.
1-misol. Shtols teoremasidan foydalanib quyidagi limitni hisoblang:
(n+1)(n+2)(n+3)
Jim o - [Z]=
M+ 2n+n+2)(n+3)—n(n+ D(n+2)
B 7‘111—{?0 n3d—(n-1)3 -
~ lim n+3n2+3n2+9m+2n+6—n*+n)(n+2) _
n-co nd—n3+3n?2-3n+1
— lim n3+6n2+11n+6—n3—2n2—n2—2n_ i 3n* +9n+6
n—co 3n?-3n+1 now3nZ —3n+1
~ lim 3 +9n+6—-B(n—-1)>+9(n—-1)+6)
T noe3nZ—3n+1- Bn-1)2-3n-1)+1)
lim 3n2+9n+6—Bn-12+9(n—-1) +6)
n-o3n? -3n+1-Bn—-1)?2?-3n—-1)+1)
3n2+9n+6—Bn —6n+3+9n— 9+6)
S _ntl-(Gn—6nt3—3n+3+1)

3n2+9n+6—-3n2+6n—-3—-9n+9 — 6)
n—>oo3n2—3n+1—3n2+6n 3+3n—-3-1
_ lirn6n+6 ~ lim 6n+ 6 — (6(n—1)+6)

n—o 6N — 6 n—>006n 6 — (6(11—1)—6)

 6n+6-6n+6-6 6
S n—6—6nt646 6 -

2-misol. Quyidagi funksiyaning limitsini toping:

2n+1
lim
n-oo n+ 1

1-usul. Funksiyani surat va maxrajidan n ni chigarib olamiz

1
_2n+t1 n(2+) 2t s 2
1_[_]_ o am =772
n—>oo n+ n—oo (1+_) n—>001+ﬁ

Bu yerda
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1
lim — = 0.
n—-oon
2-usul. Biz bu usulda Shotls teoremasidan foydalanamiz:
2n+1_[ ]_ C2n+1-Q2n-1)+1)
n—>oon+1 Ao n+l—-—((n—-1)+1)
2n+1-(02n—-2+1)  2n+1-2n+2-1
= lim = lim
nbo n+l—-—(mMm-—1+1) noeo n+l-n+1-1

=17

3-misol. Quyidagi ketma-ketlikning limitini toping:

. 12+22+---+n . n?
im = lim
n-oo ns n-con3 — (n — 1)3
n? n?
lim = lim =
noond —n3+3n2—-3n+1 n->xo3n2-3n+1
n? —(n—1)>?

= i
now3n? —3n+1-Bm—-12-3n—-1)+1)

n—-n*+2n-1

S e —3ntl-(Gnl—6nt3—3nt3+1)
2n—1
= gt l-3niton—3+3n—3-1_
2n—1 o 2n—1-Q2n-1) -1

nSebn—6  nbw 6n—6— (6(n—1)—6)

L oZn-1-2n42+41 21
T e bn—6-6n+6+46 6 3
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